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How should we probe a strongly coupled quark–gluon plasma?
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Abstract. Dramatic changes had occurred with our understanding of quark–gluon plasma, which is now
believed to be rather strongly coupled. One set of questions is what is its internal structure: at the moment
the best answer seem to be a liquid made of binary bound states. Another set of questions is how to probe
it, especially using hard probes of the main interest to this meeting. Three suggestions to be discussed
are (i) the ionization losses related to new bound states; (ii) the “conical flow” from quenched jets; (iii)
possible new peaks in the dilepton spectra, corresponding to vector mesons above Tc.

PACS. 12.38.Mh, 25.75.-q

1 How strongly coupled is QGP?

Although some speculations about further running of the
QCD coupling constant at T > Tc to higher values were
around for a while (see e.g. Fig. 5 in [1]) the convincing
arguments for a different strong-coupling regime of QGP
were
(i) the triumph of the collisional (hydrodynamical) de-
scription of particle spectra at RHIC, displaying strong
radial and elliptic flows [2,3];
(ii) the discovery of multiple bound states of heavy and
light quarks at T > Tc, from the lattice correlators [4]
and directly from the Schroedinger/Klein–Gordon/Dirac
equations [5,6] with proper lattice-based static potentials
[8].

These general arguments are by now well accepted in
the community, see e.g. [9] and the “experimental white
papers”, and so I would not return to them here.

Let me just comment on a few inevitable questions.
The first one is obviously How strong is strong enough?
The answer suggested in a “strong-coupling” paper by
Zahed and myself [5] was that the effective interaction
between quasiparticles should be sufficiently strong to cre-
ate some bound states of the quasiparticles. The lines of
marginal states with zero binding on the phase diagram
fill the sQGP (strongly coupled QGP) region, and thus
the last of those – presumably for the most attractive gg
singlet channel – serves as the boundary of sQGP. These
lines are of course not singularities of the thermodynami-
cal quantities, because as marginal states become virtual,
the scattering amplitude remains continuous.

Below these lines the binary channels have non-zero
binding. One particular case, important for QGP signals,
is survival of J/ψ as a bound state into the sQGP domain.
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According to our calculations based on lattice potentials
[6] the critical temperature of its melting is around 2.5–
3Tc. It is a bit higher than lattice results [4] using the
MEM method, which is in fact consistent since lattice cal-
culations are done in a relatively small volume. Thus, the
observed charmonium suppression at SPS is not a Matsui–
Satz “melting” but is due to some other mechanism, e.g.
the “photo-effect” gJ/ψ → c̄c. The reason is that Debye–
Huckel theory of screening, which demands negative corre-
lation energy of a static charge in plasma, is only valid in
weakly coupled plasma at very high T , while in sQGP the
screening happens in a different way, by an O(1) particle.
The correlation energy (as deduced from the half-potential
at large distances) is actually positive and large close to
Tc. The reason for that, as well as for rather large quasi-
particle masses for light quarks and gluons, are not yet
understood.

Another logical consequence of the sQGP scenario de-
scribed in detail in our second paper [6] is that at T > Tc
we expect approximate Casimir scaling of forces in all
channels and thus hundreds of colored bound states, such
as (qg)3 and (gg)8. This prediction is not yet tested on
the lattice, but it should be. The calculations presented
in this work also answer the “pressure puzzle”, related to
the question of how large pressure is generated by not-so-
light quasiparticles. It was found that the addition of new
binary states helps to get thermodynamics in line with
lattice EoS. (Which also is experimentally tested via hy-
dro and is shown to work.) The results [6] for masses and
pressure for such a model are shown in Figs. 1 and 2.

This is of course only a beginning of the road toward
a full understanding of sQGP. Studies related to 3-body
physics (known as the Efimov effect) have revealed that
if there are marginal 2-body states, there must also be
3-body ones, some of them even deeply bound. As really
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Fig. 1. The lines show twice the effective masses for quarks
and gluons versus temperature T/Tc. Note that for T < 3Tc

Mq > Mg. Circles and squares indicate estimated masses of
the pion-like and rho-like q̄q bound states, while the crosses
stand for all colored states

many-body studies are not yet done, it may well be that
sQGP is polymerized into some chains, or crystallizes into
a (locally ordered) liquid. Color degrees of freedom are
numerous and provide lots of possibilities, so a lot of hard
work is ahead to understand the sQGP structure.

As experience of other fields shows, global EoS is prob-
ably too insensitive a measure to tell the difference be-
tween all those models, at least with the level of accu-
racy we now have. Transport properties like viscosity are
a different matter; they are known to be quite sensitive to
coupling and can vary by several orders of magnitude for
known liquids and plasmas. Its theory is still missing, and
a lot of efforts would be needed to have it.

One early idea suggested in [5] is based on the marginal
states with small binding, which may be related to large
scattering length and hydro behavior.

This idea is further confirmed by experiments with cold
atoms, where precisely this mechanism – known as the
Feshbach resonance – is used. Not only the elliptic flow
in agreement with hydrodynamics was observed [10], but
more recent experiments such as [11] have revealed that
in fact the frequency of the two lowest (z- and r-modes)
of oscillations in an elliptic trap both agree with the hy-
dro prediction to better than a percent. Furthermore, the
damping-to-frequency ratio dives from ∼ .1 to about 10−3

near the Feshbach resonance. It means that there hydro
oscillations may be repeated about a thousand times, be-
fore dissipative viscose effects take over and kill it. And all
of it happens, let me repeat, where the interaction is the
strongest, corresponding to viscosity as strikingly small
[12], as it is for QGP at RHIC.

Another connection on which I would like to provide
an update is a connection to N = 4 SUSY YM theory
and the AdS/CFT correspondence. Let me just recall that
this theory has zero beta function and the coupling does
not run, and for all values from 0 to infinity the finite-T
version of it is in the same Coulomb (QGP-like) phase.
So it is a perfect theoretical laboratory, telling us what
all quantities are in the limit of very strong coupling.
In [13] we argued that matter is made not from quasi-
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Fig. 2. Pressure (in units of that for a gas of massless and non-
interacting quasiparticles) versus the temperature T/Tc. The
crosses correspond to the Nf = 2 lattice results, from Fig. 2
of [7]. their uncertainty (not shown) is about 15 percent. The
lower solid curve is the contribution of unbound quasiparticles,
the upper includes also that of all bound states. Squares are
for the pion-like and rho-like q̄q bound states combined, and
circles for all the colored bound states

particles, which have large masses Mq,g ∼ √
λT (where

λ = g2Nc >> 1 is the ’t Hooft gauge coupling) but of
deeply bound binary states of those with much smaller
masses Mmesons ∼ T which we found for relativistically
rotating states with large angular momentum. Recently
there was a progress in introducing fundamental mas-
sive quarks into AdS/CFT theory, living on a separate
D7 brane, with results for “charmonium” spectroscopy in
strong coupling [14]. It was found that rotating states are
light, but their masses Mmesons ∼ Mq/λ

1/4, while the “s-
wave” states with zero orbital momentum do not “fall on
the center” but survive and do have even smaller masses
Mmesons ∼ Mq/λ

1/2, the same scale as advocated in our
paper. Thus the splitting between J/ψ, ηc and χ states is
large and parametric in the strong coupling. It remains to
be seen what happens with strongly coupled charmonium
at finite T , a question which is to be resolved next.

2 Where does the energy
of the quenched jets go?

Quenching of high-pt QCD jets observed at RHIC imply
deposition of a large fraction or even all their energy into
matter. If it is sQGP, argued to be a near-perfect liquid,
this energy should not dissipate but propagate outward as
a “conical flow” similar to well known sonic booms from
supersonic planes. This idea is developed in a recent paper
[15], on which this section is based.

In what follows, we would like to treat separately two
different types of energy losses:
(i) the radiative losses, producing mostly relativistic glu-
ons and
(ii) the scattering/ionization losses, which deposit energy
in the medium. Radiative losses [16,17] are the dominant
mechanism. However both the primary parton and radi-
ated gluons move with about the same speed (the speed of
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Fig. 3. Gluon energy loss dE/dx in GeV/fm versus the tem-
perature T/Tc (in units of the critical one). The thick solid
lines are for the “ionization” losses, while the thin dashed lines
are for the elastic losses. In each set the three curves from top
to bottom are for a gluon with energy 15, 10 and 5 GeV

light) so from the viewpoint of matter those can be treated
as one external object. What is now more important are
elastic energy losses (first studied by Bjorken [18]) and also
those due to “ionization” of new bound states in sQGP.
The latter contribution was recently calculated by Zahed
and myself [19]. These mechanisms deposit additional en-
ergy, momentum and entropy into the matter; see Fig. 3.
It is their combined magnitude, dE/dx = 2–3 GeV/fm,
which we will use below. Even at such loss rates, a jet
passing through the diameter of the fireball, created in
central Au+Au collisions, should deposit up to 20–30 GeV,
enough to absorb jets of interest at RHIC.

Let us start a discussion of associated collective effects
with the energy scales involved. While the total CM energy
in a Au+Au collision at RHIC is very large, about 40 TeV,
compared to the energy of a jet (typically 5–20 GeV), the
jet energy is transverse. The total transverse energy of all
secondaries per one unit of rapidity dE⊥/dy ∼ 600 GeV.
Most of it is thermal, with only about 100 GeV being re-
lated to collective motion. Furthermore, the so called el-
liptic flow is a ∼ 1/10 asymmetry and therefore it carries
an energy of ∼ 10 GeV which is quite comparable to that
lost by the jets in question. Since elliptic flow was observed
and studied in detail, we conclude that conical flow should
be observable as well. (In order to separate the two, it is
beneficial to focus first on the most central collisions, with
the elliptic flow is as small as possible.)

Figure 4 explains a view of the process, in a plane
transverse to the beam. Two oppositely moving jets orig-
inate from the hard collision point B. Due to strong
quenching, the survival of the trigger jet biases it to be
produced close to the surface and to move outward. This
in turn forces its companion to move inward through the
matter and to be maximally quenched.

The energy deposition starts at point B; thus a spher-
ical sound wave appears (the dashed circle in Fig. 4). Fur-
ther energy deposition is along the jet line and is prop-
agating with the speed of light, till the leading parton is
found at point A at the moment of the snapshot. As is
well known, the interference of perturbations from a su-
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Fig. 4. A schematic picture of flow created by a jet going
through the fireball. The trigger jet is going to the right from
the origination point (the black circle at point B) from which
sound waves start propagating as spherical waves (the dashed
circle). The companion quenched jet is moving to the left, heat-
ing the matter and thus creating a cylinder of additional matter
(shaded area). The head of the jet is a “non-hydrodynamical
core” of the QCD gluonic shower, formed by the original hard
parton (black dot A). The solid arrow shows a direction of flow
normal to the shock cone at the angle θM; the dashed arrows
show the direction of the flow after the shocks hit the edge of
the fireball

personically moving body (such as a supersonic jet plane
or meteorite) creates conical flow behind the shock waves.
The angle θM defined in the figure is given by a simple ge-
ometrical condition: distance AB = ct while CB = vshockt.
Apart from the region close to the head of the object, the
shock waves are weak and thus they move with the speed
of sound vshock ≈ cs, and therefore

cos θM = cs/c. (1)

(Below we will use units in which c = 1.) Since the velocity
of the shock depends on its intensity, the cone should in
fact be somewhat rounded near its top: that is ignored in
the figure. Respectively the perturbations of the matter
pressure and velocity δp, δu becomes small at large r and
can be described in linear approximation

The region near the head of the jet, which we would re-
fer to as a “non-hydrodynamical core”, which is constantly
producing gluons, which emits new ones etc.: the whole
shower is a complicated non-linear phenomenon which
should obviously be treated via the tools of quantum
field theory. The energy/momentum flow through the core
boundary we will treat phenomenologically, identifying it
with dE/dx of the second type, which we will approximate
by a time-independent constant. This should thus lead to
stationary-state conical flow, depending on x− t only.

A shaded region in Fig. 4 consists of “new matter” re-
lated to the entropy produced in the process dS/dx, which
can be calculated only with dissipative dynamics in the
near zone, which we do not attempt in this work. Mat-
ter is expected to get equilibrated soon, and thus the ra-
dius of the cylinder Rc of new matter can be related by
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dS/dx = s(T )πR2
c . As is well known, the constant size

cylinder does not emit any sound.
Hydrodynamical equations we use are linear since the

whole energy deposited by the jets can be treated as small
compared to the total energy of the medium. We will use
cylindrical coordinates with x along the jet axis and r
orthogonal to it.

For simplicity we will assume that the perturbed
medium is homogeneous and at rest. In this linearized ap-
proximation the non-zero components of the stress-energy
tensor are

δT 00 = δε, δT 0i = (ε+ p)vi, δT ij = δpδij , (2)

where ε and p are the internal energy and pressure and v
is the velocity field of the perturbation. Thus, by recalling
that ∂p

∂e = c2s (with cs the velocity of sound) the energy and
momentum conservation equation ∂µδT

µν can be written
as

∂0δT
00 + ∂iδT

0i = 0,
∂0δT

0i + c2s∂iδT
00 = 0. (3)

The initial conditions are set by the process of thermaliza-
tion of the energy lost by the jet. As already mentioned,
this thermalization process is very complicated and should
take place at distances of the order Γs from the production
point. As Γs is also the typical size of the liquid cells, we
will simply consider that there is a variation of the energy
and momentum at the position of the particle.

This initial condition can be easily expressed if we first
concentrate in the perturbation due to the propagation of
the particle in an interval dt around its position. In this
case the previous conditions lead to

δT 00(t0, x) = ∆Eδ3(x(t0) − x),
δT 0x(t0, x) = ∆Pδ3(x(t0) − x), (4)

where we have assumed that the particle moves in the x
direction at the speed of light (c = 1) and x(t) is the
trajectory of the particle (x = t). We assume also that
the energy and momentum loss are equal and, as we look
for a constant drag, we set ∆E = dE

dx dt. Assuming that
cs is constant, it can be shown that the solution for these
conditions is given by

δT 00 =
1
cs

dE
dx

dt0 (∂t − ∂x)Θ(t− t0) (5)

× [δ (R− cs(t− t0)) − δ (R+ cs(t− t0))]
4πR

,

where R = |x − x(t0)|, the distance from the observa-
tion point to the emission point at the intersection of the
past “sound cone” and a jet world line. The reader can
readily identify the argument of the derivatives as the re-
tarded Green’s function of the wave equation and should
be warned that R depends on observation time and space
point. The calculation is close to that done for electro-
magnetic waves (Cerenkov radiation), except that sound
is a longitudinal excitation.

In general, let a jet be born at the initial point ti and
die at the final point tf . A point-like source creates two
spheres of perturbation, with the Mach cone tangent to
both:

δT 00 (6)

=
1
c2s

dE
dx

(
δ(t− ti −Rti/cs)

4πRti

− δ(t− tf −Rtf/cs)
4πRtf

)

− 2
c2s

dE
dx

∂x
Θ(t− ti −R(t)/cs)Θ(tf − t+R(t)/cs)

4π
√

(x− t)2 −
(

1
c2

s
− 1
)
r2

;

when integrating over the whole space, the two spheri-
cal terms give the total deposited energy dE

dx (tf − ti). The
conical term apparently has no energy. In order to explain
why, we prefer to regularize the problem, introducing a
distributed source, e.g. a Gaussian one, see the paper for
details.

How can the effect be observed? The most important
feature of conical flow is its direction, which is normal
to the shock front and thus making the so called Mach
angle (1) with the jet direction, determined basically by
the speed of sound in matter. So one can conclude that
quenched jets must be accompanied by a cone of particles
with the opening angle θM. This cone angle should be the
same for any jet energy (in contrast to radiation angles
which are shrinking at high energy).

Let us start with the simplest case of central collisions,
in which the cross section of the fireball is a circle and the
elliptic flow is absent. Most quenched jets going through it
will pass a length comparable to its diameter, and thus the
high-energy jets which are not quenched completely and
reach through the fireball will produce conical flow during
time t ∼ 10–15 fm/c. At such a late time, the appropriate
value for the speed of sound would correspond to matter
being a “resonance gas”, c2s ≈ .2. We thus conclude that
in this case the emission angle of the conical flow should
be at the angles (relative to trigger)

θemission = π ± arccos(cs/c) ≈ 2.0, 4.2. (7)

In Fig. 5 we show preliminary data from the STAR exper-
iment (another RHIC experiment, PHENIX, sees a simi-
lar distribution which is too recent to be released at this
point). The upper figure corresponds to pp collisions and
the lower to central Au + Au ones. The peak near angle
zero consists of particles from a triggered outward moving
jet, while particles from the companion jet should result
in a peak near ∆φ = π. Such a peak is clearly seen in pp
collisions, in which no matter is present: but in Au + Au
collisions one finds instead a double-peaked distribution
with a minimum at the original jet direction, ∆φ = π.

Remarkably, as Fig. 5b shows, this value, π±1.1, nicely
agrees with the observed positions of the two maxima of
the distribution of the secondaries, relative to the direc-
tion of the triggered hard charged hadron. Fortunately,
in the experimental conditions the inward-moving jet is
so completely quenched that presumably no contribution
from the “non-hydro core” makes it to the opposite sur-
face. Unfortunately, the angle versus which the distribu-
tion is plotted is not a polar angle with respect to the
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Fig. 5. The background subtracted distribution of secondaries
in azimuthal angle ∆φ which are associated with triggered hard
charged hadron pt > 4 GeV, by STAR collaboration [21]. a is
for p + p and b for 5% most central Au + Au collisions

jet, θ, but only a difference in their azimuthal angles, ∆φ,
which reduces the effect.

Since the speed of sound is expected to change signif-
icantly during the fireball lifetime (from c2s = 1/3 during
the early QGP stage, to small values in the “mixed phase”,
and then to c2s ≈ .2 in the hadronic resonance gas), the
Mach angle will depend on time and space as well. This
feature can potentially be used to measure the speed of
sound at different stages of the collisions.

3 Direct observation of binary bound states
in sQGP via dileptons?

To use photons and dileptons as “penetrating probes”
in order to get information about the earlier stages of
heavy-ion collisions was one of the first suggestions to
study the quark–gluon plasma (QGP) [22]. It was then
argued that the invariant mass (M2 = (pl+ + pl−)2) spec-
tra of penetrating probes produced in QGP should be
monotonously decreasing with the dilepton mass, while
those originating from hadronic matter at T < Tc should
instead show invariant mass peaks due to a familiar vector
meson ρ, ω, φ, J/ψ, ...

With the advent of the sQGP regime, the logic of it
is reversed [20]. If the meson-like bound states continue
to exist at T = (1–2)Tc = 170–350 MeV (the tempera-
ture range corresponding to QGP at RHIC), one expects
to see them in dilepton spectra as well. Those should be

rather heavy, although still below twice the effective quark
quasiparticle mass.

Furthermore, even at higher T when there are no
bound states, there exists a near-threshold enhancement
which may still be used to infer the value of the quasipar-
ticle masses and the strength of their interaction.

Dileptons produced by vector resonances (ρ, ω, φ, J/ψ)
are described by the first expression in (9), which can exist
both in the hadronic phase and in sQGP. The dileptons
are supposed to be the main part of the RHIC program:
PHENIX was aimed at that from the beginning, and now
also the STAR detector has an electromagnetic calorime-
ter. Large-statistics Run-4 data are now being analyzed,
and the only published data so far concern PHENIX sin-
gle electron production which is presumably dominated
by charm decays.

Matter modification of more narrow ω, φ resonances
can obviously be observed only for a fraction of these parti-
cles decaying inside the fireball. Resonances decaying after
freeze-out have the usual vacuum mass, and these decays
produce a large “hadronic background” for such measure-
ments: in fact the first dilepton experiment which has suf-
ficient resolution to observe these modifications is NA60.
However for sQGP vector mesons the mass modification
is very large, e.g. we will discuss below peaks with masses
up to M ∼ 1.5–2 GeV, and so in this case the resolution
is not so much an issue. Since T changes during cooling,
the masses of the peaks change with time and one may
wonder if the very existence of the peaks can be observed.
We hope it can be done in two endpoints mass regions:
(i) M ∼ 1.5–2 GeV corresponding to T ≈ Tzb (zero bind-
ing) and the edge of the quasiparticle continuum, at the
initial QGP at RHIC;
(ii) M ∼ 0.5 GeV, where we expect to see the contribu-
tions of the modified vector mesons at T ≈ Tc.

Let us start with the basic expression for the dilepton
production rate

dR(T )
d4xd4q

=
α2

48π4

1
e

q0
T − 1

F, (8)

where α is the electromagnetic coupling, q0 is the dilep-
ton energy and the “formfactors” F for two well-tested
processes are

F =



FH

def=
m4

ρ

[(m2
ρ −M2)2 +m2

ρΓ
2
ρ ]

(ρ),

FQ
def= 12

∑
q e

2
q

(
1 +

2m2
q

M2

)(
1 − 4m2

q

M2

) 1
2

(wQGP),
(9)

where the former one corresponds to ππ → ρ → l+l−
annihilation in a vacuum or hadronic phase at small T ,
written in standard vector-dominance form. The latter
expression corresponds to q̄q annihilation similar to the
partonic Drell–Yan process. If one ignores quark masses
in FQ, it is just a sum of squared charges for all relevant
quarks, u, d, s of all colors. This basic case we will use as
our “standard candle” below, normalizing all predictions
to the “standard wQGP rate” with FwQGP = 24. Detailed
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calculations of the final dilepton spectra for such a “stan-
dard candle” model were done by Rapp and Shuryak [23]
(including specific acceptance of the SPS NA50 experi-
ment) and for RHIC by Rapp [25]. For a review see [26].

In terms of the imaginary part of the photon self-
energy the wQGP limit means

�Πem = −M2

12π
Nc

∑
q=u,d,s

(e2q). (10)

If quark quasiparticles in the QGP phase are not mass-
less (and current lattice calculations indicate they are as
heavy as 1 GeV in the region of interest, Tc–3Tc) one would
like to correct for that using the formulae from above. This
fact leads to a trivial modification to the previous expres-
sion (that is relevant in the IMR):

�Π =




0 (M2 < 4m2
q),

−M2

12π
Nc

∑
q

e2q

(
1 +

2m2
q

M2

)(
1 − 4m2

q

M2

) 1
2

(M2 > 4m2
q).

(11)

Furthermore, we expect a non-trivial modification of
the annihilation cross section of quarks into leptons due
to the attractive interaction between them. This modifi-
cation will be specially important for near-threshold pro-
duction, where we will use non-relativistic Green’s func-
tions. Modifications of the rates are also expected due to
the presence of bound states, where, as we will see, the
problem is intrinsically relativistic.

The basic idea is very simple: the probability of the
q̄q → l+l− process is enhanced by the initial state at-
tractive interaction. Attractive interaction obviously cor-
relates q̄ and q in space and increases the chances to find
q̄q close to each other and annihilate. In such a general
form, the enhancement persists whether the potential is
deep enough to make bound levels or not, and whether
quark quasiparticles have small or large width.
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Fig. 6. Schematic T -dependence of the masses of q̄q states.
A, V, S and PS stand for axial, vector, scalar and pseudoscalar
states. The dash-dotted line shows the behavior of twice the
quasiparticle mass. Two black dots indicate places where we
hope the dilepton signal may be observable

In the case of a pure Coulomb interaction this phe-
nomenon is well studied. The relevant parameter z = πα/v
contains the ratio of the coupling strength to velocity, and
the enhancement is in this case given by the well known
Gamow factor1

FGamow =
z

1 − exp(−z) . (12)

Note that the result is ∼ 1/v at small v (large z) and 1
at small z. It cancels the velocity in the phase space and
makes the production rate to jump to a finite value at the
threshold.

A good example of the QCD-based color–Coulomb en-
hancement is the cross section for the production of the
top quark pair t̄t [27,28]. The enhancement calculated in
these works is found to be quite significant, in spite of
the fact that the rather large width of the top quarks
precludes them from forming topponium bound states.
We used methods developed in these works, calculating
Green’s functions for lattice-based potentials.

The new (sQGP) part of this picture is at T > Tc,
which starts and ends at the points marked by small black
circles. At any given T there are two peaks in the spec-
tral density, corresponding to invariant masses of the T, L
components. On top of that, there is a threshold bump at
2m∗

q(T ), which exists even at a T so high that no bound
states exists. Unfortunately, one can only observe a signal
integrated over the expanding fireball, or over all tempera-
tures involved between the initial and freeze-out ones. The
integral tends to wipe out peaks at intermediate locations,
unless there are special reasons for them to survive. Two
of the black dots, at the mixed phase T = Tc, have the
benefit of a long time spent there during expansion. The
same is true for the third black point, due to the near-
constancy of the mass of weakly bound states at T = 1.5–
2Tc. The near-threshold bump is at about the same loca-
tion at higher T as well. Thus one may hope (and we will
show it below) that the structures corresponding to these
endpoints (black circles at Fig. 6) may be detected.

Although at finite temperatures and non-zero momen-
tum relative to heat bath are split into distinct longitu-
dinal and transverse (L, T) modes, those should coincide
at zero momentum. Since all masses are large compared
to the relevant T at the time, only pairs with small mo-
mentum are actually produced. Furthermore, lattice expe-
rience of similar quasiparticle modes indicates that they
follow, at least approximately, the vacuum-like dispersion
law ω2 = p2 +M2, and so using the invariant mass rather
than energy would take care of canceling the momentum
dependence.

In Fig. 6 we have shown only states made of u, d
quarks, ignoring the strange one. Needless to say, those ex-
ist and can be also produced. The peaks of s̄s φ-like states
should be shifted in mass upward by 2ms ≈ 250–300 MeV,
but their contribution to dilepton spectra is proportional

1 The sign in exponent is the opposite to that on the original
Gamow factor, for the alpha-particle interaction with nuclei,
or that used for HBT correlations, corresponded to a repulsive
Coulomb force.
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to the square of the electric charge q2s = 1/9, which is
three times smaller than the average of q2u = 4/9, q2d = 1/9.
Strange states are more promising for pseudoscalar/scalar
signals, to which we turn below.

In [28] the cross section σ(e+e→tt̄) is analyzed to
leading-logarithmic order in QCD in the non-relativistic
limit (close to threshold). The main result, already used
in [27], is the modification of the threshold factors from
the well known leading order expression

σLO =
4πα2

QEDe
2
t

3s
Nc

√(
1 − 4m2

t

s

)(
1 +

2m2
t

s

)
(13)

to

σ =
4πα2

QEDe
2
t

3s
Nc

24π�GE+iΓt
(0, 0)

s
, (14)

where E is the center of mass energy and Γt is the width of
the top quark (related to the lifetime due to weak decays).
The relation for the dilepton production rate is obtained
by obvious substitution of �G/s into FQ in (9).

As a further clarification, in the limit Γ = 0 we can
rewrite

�GE+i0+(0, 0) =
∑

ψn(0)ψn(0)†δ(En − E). (15)

Note that the sum runs over all states, including scatter-
ing states, where the sum should be replaced by an in-
tegral. This expression explains quite clearly the connec-
tion between the Green’s function and the standard non-
relativistic formula for the annihilation of bound states
and (15) gives the flux factor that multiplies the annihi-
lation cross section at zero momentum:

1
τlifetime

= σqq̄(s = 4mq)|ψn(0)|2. (16)

The non-relativistic Green’s function GE+iΓt
(r, r̄)

obeys the usual Schroedinger equation:[
− 1
m

∇2 + V (r) − (E + iΓ )
]
GE+iΓ (r, r̄)

= δ3(r − r̄), (17)

with inter-particle potential V (r). Analytic expressions
for the Green’s function for the pure Coulomb potential
are well known; see e.g. [27]. For a realistic lattice-based
potential we will use a numerical method following [28],
which is valid for all potentials less singular than 1/r2.
The benefit of it is that one avoids summations over lev-
els, and bound states are automatically included together
with scattering ones. As a test, we checked that it repro-
duces well known results for the Coulomb potential with
an accuracy of at least a few per mill.

Let us now explain our units. Since the effective mass
of the quark quasiparticle in the temperature interval con-
sidered is not known accurately, we use it as our basic
energy unit. In plots twice this value appears as a thresh-
old, to which we tentatively ascribe the particularly simple
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Fig. 7. Modification of the spectral density versus the invari-
ant mass in Mq units for different temperatures: a 1.2 Tc (cross)
and 1.4 Tc (circle), b 1.7 Tc (cross) and 3 Tc (circle) and the cor-
rection due to quark mass (line)

value 2Mq = 2 GeV: the reader should however be warned
that this is a “GeV” in quotation marks, to be rescaled
appropriately later when the value of the quark effective
masses in QGP will be better known.

What we learned from these calculations is how the
spectral density changes as the bound states become less
and less bound until the system arrives at zero binding
(zero binding point). In Fig. 7 we show the shape of the
dilepton spectral density for different temperatures (1.2Tc,
1.4Tc, 1.7Tc, 3Tc). One can observe how exactly enhance-
ment in the bound state and threshold region changes.
The height of this enhancement depends on the proxim-
ity of the level; at 1.7Tc, where the bound level is close
to threshold, we observe a big modification of the spec-
tral function at 2 GeV. Note that proximity of the level to
threshold happens in a rather wide T interval, roughly be-
tween 1.5Tc to 2Tc (the zero binding point [5]). Note also
that the enhancement is still seen at temperatures as high
as 3Tc, when all bound states have already been melted.

The issue of the observability of these peaks depends
on their width: its magnitude is being addressed right now
and I am not yet ready to report those. The pictures above
only have “numerical width” for plotting, and thus are not
realistic. However it is very likely that the width is not
overwhelming to preclude their observation.
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